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Abstract 

We study generalized branching random walks, which allow time dependence and local depen- 
dence between siblings. Under appropriate tail assumptions, we prove the tightness of Fn{- — 
Med{Fn)), where Fn{-) is the maxima distribution at time n and Med{Fn) is the median of 
Fn{-). The main component in the argument is a proof of exponential decay of the right tail 
l-F„(--Med(F„)). 

1 Introduction 

We study the maxima of a class of generalized branching random walks (GBRW for short), 
which are governed by a family of branching rules {pn,k}n>o,k>i and displacement laws 
{Gn,k}n>o,k>i- Specifically, the Pn,kS are nonnegative reals such that Y^kLiPn,k = 1 and 
SfcLi kpn,k < oo for each n > 0, and the G„,,fcS are distribution functions on M!" for each 
n and k. The GBRW is defined recursively as follows. At time 0, a particle o = 1 is at 
location 0. Suppose that v = lai . . .an («« G IN) is a particle at location at time n. At 
time n + 1, V dies and gives birth to > 1 (random) offspring. We denote the offspring of 
V at generation n + 1 by {vl, . . . , vK^} and their locations by {Sy + . . . , S'„ + X^^kA, 
respectively. Let D be the collection of all the particles at any time and the ones alive at 
time n. We consider the case where the random vectors {{K^,X^^i, . . . , Xy^Ky)}ve'D indexed 
by particles are independent and have distributions 

P {K^ = k\v e Bn, J^n) = Pn,k (1) 

and 

P [Xy^i <Xi,..., Xy^K^ < Xk, \v e Dn, Ky = k, J^n) = Gn,k{^l, ■■■,Xk) 

for ra = 0,l,...and A; = 1,2,..., (2) 

where = (j{Su\'u G Dfe, A; = 0, 1, . . . , n} is the a-field generated by the GBRW by time n. 
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We are concerned with the maximal displacement of particles at time n, i.e., = 
max^jgD,^ Sy. Let -Fn(') be the distribution function of A^„, and set Fn{-) = 1 — Fn{-). Under 
some assumptions, we want to prove the tightness of the sequence of re-centered distributions 
Fn (■ — Med{Fn)), where Med{Fn) is the median of See Section [2] and Section [5] for two 
different sets of assumptions under which tightness can be proved. 

From the previous description, our GBRW allows time dependence (through the n param- 
eter) and some local dependence (reflected by the joint distribution Gn,k)- We will review 
some of the existing literature and make some comparison. Dekking and Host [3] (1991) 
gave a short proof for tightness of Fn (■ — Med{Fn)) when the offspring displacements are 
uniformly bounded and possibly have some local dependence and time dependence; the tech- 
nique strongly depends on one side boundedness. Addario-Berry and Reed [1] (2009) proved 
that Mln — EMn is exponentially tight when the offspring displacements are i.i.d. and satisfy 
some large deviation assumptions. By modifying the arguments in P, [2] and [3], it is possi- 
ble to extend the tightness result to the case when the offspring displacements are unbounded 
and have local dependence but not time dependence. See |1] (2010) for using this method to 
prove the tightness of maxima of modified branching random walks derived from Gaussian 
free field. In a different direction, Bramson and Zeitouni [5] (2009) provided an analytic 
method to prove tightness of the maximal displacement when the offspring displacements 
distributions depend on time and satisfy some tail conditions. [3] assumed that the offspring 
displacements are i.i.d. and used a recursion to derive their results. When local dependence 
comes into play, the recursion, see ([3]) below, loses some of its nice properties. Therefore, 
the approach in [3] , which is based on the introduction of an appropriate Lyapunov function, 
does not apply directly here, rather, it needs to be modified to take advantage of a recursion 
bound, see below. 

In order to find a recursion, one needs to look at GBRWs starting from particles at 
some intermediate time. For any integer m and v = lai . . . G Dm, the process {S^ — 
Sjj\u = lai . . . amPi . . . f3k E Dm+k, /Sfc G IN, = 1, 2, . . . } is a GBRW governed by branching 
rules {pn+m,k}n>o,k>i and displacement laws {Gn+m,k}n>o,k>i- For n > m, the maximal 
displacement at time n — m is denoted by Ai^- {-^n}«eD™ are i.i.d. random variables whose 
distribution is denoted by F™(-). Again set F™(-) = 1 - Note that F„(-) = i^°(-), 

i^„(-) = F°(-)andF„"(-) = l{.<o}(-)- 

One obtains a recursion regarding F^{-) by looking at the first generation of GBRWs 

starting from particles at time m. For n > m, 

oo ^ k 

Inspired by [3], we consider a recursion for the tail distribution F^{-). For n > m, the above 
equation is equivalent to 

oo „ fc 

f::'{x) = 1 - J2pm,k / n (1 - ^n'-'i^ - y^)) d'GmAvu . . .,yk). (3) 

k=l i=l 

Without loss of generality, for any n,k > 0, we assume Gn,k has the same marginal distri- 
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butions, i.e., 

9n,k{^) = / d''~^Gn,k{yi, • • • , Vi-i, X, Vi+i, ...,yk) for any 1 < i < fc. (4) 
Otherwise, one can replace Gn,k by Gn,k defined by 

Gn,k{Xi, . . . , Xk) = G'„,,fc(x7r(l), . . . , X^k)) 

where Vk denotes all the permutations on {!,..., /c}. Then Gn.k has the same marginal 
distributions and one can easily check that recursion ([3]) is the same for Gn,k and Gn,k- 
To apply an approach similar to [3], we introduce two functions 

Qi kiu) = 1- (l-u)'' and Q2,k{u) = ku for < u < 1. (5) 

We will work with the following recursion inequality derived from ([3]), instead of ([3]) itself. 

Lemma 1. Assume F^{x) satisfies the recursion ([3]), then the following recursion bounds 
hold for n > m, 

oo oo 

Y,Pm,k9m,k * Ql,k{K^'){x) < < Y,Prn,kgm,k * ^2,^ (i^f^^ ) (x) , (6) 

k=l k=l 

where * is the convolution defined by f * g{x) = f{x — y)dg{y) for any two functions 
f{x) and g{x) whenever the integral makes sense. 

Proof. We begin by proving the upper bound in ([6]). Rewrite ([3]) as 

k=l -^^^ \ i=l / 

Using the inequality that 1 — HiLill ~ Xi) < ^*Li a^i for < a;j < 1 and the fact that 
Gm,k{'i •••;■) has the same marginal distributions gm,k{')i one obtains that the above quantity 
is at most 

oo „ A; oo „ 

y^Pm,k / y^K^\x - yi)d''GmAyu ■■■,yk) = y^Pm,k / kF^+\x - y)dgm,k{y). 

k=l i=l k=l 

Together with the definition of Q2,k, c.f. ([S]), one obtains the upper bound in 

We next prove the lower bound in Qj. Applying Holder's inequality to ([3]), one obtains 
that 



oo ^ / r 

F::'{x)>i-J2pm,ki[i / {i-K^\x-u,)yd'G^,kiyi,...,yk) 



l/k 
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Again, since Gm,k{-, ■■■,■) possesses the same marginal distributions gm,k{-), the right side 
above equals 



2 Assumptions and statement of result for bounded 
branching. 

In this section, we discuss the tightness property in the case where the offspring number is 
uniformly bounded. To state our result, we need some assumptions both on the branching 
and displacement laws. We introduce assumptions concerning the branching mechanism. 

(Bl) {pn,k}n>o possess a uniformly bounded support, i.e., there exists an integer ko > 1 such 
that pn,k = for all n and k ^ {1, . . . , ko}. 

(B2) The mean offspring number is uniformly greater than 1 by some fixed constant. I.e., 

there exists a real number mg > 1 such that i^in{Y2k°=i ^Pn,k} > '^o- 
We introduce the following assumptions on the displacement laws Gn,k for those ns and ks 
such that Pn,k 7^ 0. 

(MTl) For some fixed eo < | log mo A 1, there exists an xq such that gn,k{xo) > 1 — cq for all n 
and k, where gn,k{x) = 1 — gn,k{x). By shifting, we may and will assume that Xq = 0, 
that is, (7n,fc(0) > 1 - eo- 

(MT2) There exist a > and Mq > such that gn,k{x + M) < e'"'^'^ gn,k{x) for all n,k and 
M > Mo, X > 0. 

(GT) For any iji > 0, there exists a i? > such that Gn^B, ■ . ■ ,B) > l—r]i and Gn,k{.[~B, oo)'^) 
> 1 — ?7i for all n and k. (With an abuse of notation, Gn,k is also used here as a function 
on measurable sets defined by Gn,k{A) := d^Gn,k{xi, . . . , Xk) for A C R*^. See (|2]) for 
the definition of G distribution function on R .) 

Assumptions (MTl) and (MT2) concern the marginal distributions. (MTl) prevents too 
much mass drifting to — oo, while (MT2) guarantees that the right tails of the marginals 
decay at least exponentially. (GT) concerns the joint distribution of the movements and 
prevents any step from being too negative or too positive to dominate the walk. Now we are 
ready to state our main theorem. 

Theorem 1. Under the above assumptions (Bl), (B2), (MTl), (MT2) and (GT), the family 
of the recentered maxima distributions {F„ (■ — Me(i(F„))}„>o is tight. 






Together with the definition of Q\^ki see (jS]), one obtains the lower bound in (jS]). 



□ 
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Theorem [T] is proved in Section [3l with the proofs of some propositions deferred to Section 
m With an analysis of a Lyapunov function, we control the right tails of distributions 
Fn (■ — Med{Fn)). Then we use assumption (GT) together with the right tail property to 
control the behavior of left tails of the distributions. Using a similar approach, we can also 
prove a variation of Theorem [1] under slightly different assumptions in Section [51 



3 A Lyapunov function, main induction and proof of 
Theorem [1] 

This section follows [5], with some minor revisions, in introducing a Lyapunov function. 
Namely, for a choice of ei, h and M (to be determined later), we define the Lyapunov 
function L(-) as 

L{u) = sup l{u;x), (7) 

{x:u{x)€{0,^]} 

where 

l{u; x) = log (^] + log, f 1 + 61 - ""^"^ ~ ) . (8) 

Here (a;)+ = x V 0, and we take the convention that logO = — oo. 

As in [3] , the heart of the proof is contained in the following proposition. 

Proposition 1. Under assumptions (Bl), (B2), (MTl) and (MT2), there is a choice ofei, 
b and M such that sup^<„L(F™) < C for some finite number C > 0. 

The proof of Proposition [1] will take the bulk of the paper, and is detailed in Section |H 
Before proving it, we discuss its consequences. As in [3l Corollary 2.8], the same proof, using 
Proposition [H yields the following 

Corollary 1. Let the assumptions (Bl), (B2), (MTl) and (MT2) hold. Then, there exists 
5i such that, for all n and m < n, 

< 6i implies F;^{x - M) > (1 + -)F^(x). (9) 

This corollary gives a desired control over the behavior of the right tail of F^{-). We 
next control the left tail. First, one obtains the following pointwise bounds for the integral 

Lemma 2. The assumption (GT) implies that, for any rji > 0, there exists a B such that 

Q„(F™+i)(x + 5) - r/i < < g™(Fr^)(x - B) + r/i, (10) 

where Qm{u) = Y.'k=iPm,k (l - (1 - u)'') . 

Proof. For any t]i > 0, choose the B as in the assumption (GT). The upper bound is 
obtained by only considering the integral over (— oo, 5]^ in 

oo „ k 

Fr(x) < 1 - J2prn,k / n (1 - ' ^^)) d'C^AVl^ ■ ■ -^Vk)- 

k=l J{~^,B]^ i=l 
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By the monotonicity of F^{-), the right side is less than 

oo 

1 - 5^p™„fc (1 - F;r^\x - B)fG„.^k{B, ■■■ ,B). 



k=l 



For any rji, choose B as in assumption (GT). Then Gm,k{,B, ■ ■ ■ , B) > 1 — r]i, and the above 
quantity is less than or equal to 

oo 

l-J^Pr.,. {I - Fr\x - B))' {1 - r^,) 

k=l 

oo 

= Qm{K^'){x - 5) + r/i (1 - - B)Y 



k=l 



< g^(F™+^)(x-i?)+r/i, 
proving the upper bound in f lTU]) . To obtain the lower bound, first rewrite ([3]) as 

oo „ / fc \ 

Fnix) = / 1 - n (1 - ^^^'(^ - ^■')) d'G.^Ayu . . .,yk). 
k=i -^^^ \ *=i / 

By restricting the above integral to [—B, oo)*', one has a lower bound on F™, 

OD „ / k \ 



K{x) > 



Since is decreasing in x and Gm^k {[—B, oo)'^) > 1 — 771 as in assumption (GT), one 

has 

00 

F-ix) > Y,Pm,k{l-{l-F::^^\x + B)Y)G^.,k{[-B,oo)') 

k=l 

00 

> 5^P™,.(l-(l-Fr'(x + i?))')(l-r/i) 

k=l 

00 

= Q,n(Fr')(x + 5) - r/1 (1 - (1 - Fr^\x + B))' 



k=l 



> Q^(F™+^)(x + i?)-r/i, 
proving the lower bound in f lTU]) and completing the proof of Lemma □ 

Lemma [2] almost checks j3l ASSUMPTION 2.4], except that Qm depends on m. However, 
with the assumption (Bl), Qm satisfies [31 Tl and T2 in DEFINITION 2.3] uniformly in m. 
Namely, the family of strictly increasing functions Qm. '■ [0, 1] — [0, 1], with (5m(0) = and 
Qm(l) = I5 satisfies the following. 

(TT) Qmix) > X for all x G (0, 1). For any 6 > 0, one can choose cs = I + "^^'^ (5 > 1 such 
that Qm{x) > cgx for all a; < 1 — 5 and all m. 
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(T2') For each S G (0,1), there exists a nonnegative function gs{e) — t- as e — > (for 
example, choose gsie) = ^^''^l^P (l+f)^° ^ ^) ^^'^^ that, for any m, if x > 5 and 
Qm ((1 + gsie)) x) < i^, then g„ ((1 + gsie)) x) > (1 + e)Q^{x). 

To check the above two properties, one uses the strict convexity of 1 — (1 — x)'^ and its 
monotonicity in k. Details are omitted here. From the above (Tl') and (T2'), one can 
deduce the following lemma in exactly the same way as in [3l Lemma 2.10]. 

Lemma 3. Suppose that (|9]) holds for all m < n under some choice of 6i, M,ei > 0. Also, 
suppose that assumption (Bl) and ( ITOl) hold. For fixed rjo G (0,1), there exist a constant 
7 = 7(^70) < 1 a continuous function f(t) = frjoit) : [0,1] — )■ [0,1], with f{t) -^t^o 0, 
such that for any e G (0, ^^^)j V ^ [^i7''7o] o-i^d large enough Ni = iVi(e), the following holds. 
If M' > M and, for any m <n, F^{x) > 61, 

iC(^ - M') < (1 + e)iC(x) and F^^ix - M') < rj, 

then 

Fr+^(x + iVi - M') < (1 + /(e)) Fr+^(x - N,) 

and 

F„"^+^(x + iVi -M') <7r/. 

By iterating, the above lemma gives a connection between the left and right tail behavior. 
That is, by applying Corollary [1] and Lemma [3] several times as in [3l Proof of Proposition 2.9], 
the same contrapositive argument proves: for fixed ?7o G (0, 1), there exist an eo = £0(^70) > 0, 
an uq and an M such that, if n > rig and F^{x — M) < 770, then F^{x — M) > (1 + eo)F^{x). 
This will yield the following tightness proposition by recalling that Fn{-) = F^{-). 

Proposition 2. Suppose that ([9]) holds for all m < n under some choice o/5i,M, ei > 0. 
Also, suppose that assumption (Bl) and ( ITOl) hold. Then, the family of recentered maxima 
distributions {-F„ (■ — Med{Fn))}n>o is tight. 

By now, we have proved Theorem [1] assuming that Proposition [1] is true. Thus, remained 
to show is Proposition [H which we do in the next section. 

4 Analysis of Lyapunov function and proof of Propo- 
sition [1] 

In this section we focus on proving Proposition [H which is an analog of [H Theorem 2.7]. The 
same idea works here: the exponential decay of gn^k will not bring much mass from faraway 
during the recursion. However, the exact approach does not quite apply here. [3] deals with 
the nonlinearity and convolution in a recursion equality separately. In our case, the recursion 
([3]) does not possess such a nice form. Fortunately, we have the recursion inequalities (E]). 
These bounds require one to analyze the nonlinearity and convolution together. Throughout 
this section, all the sums about k are from 1 to /cq since assumption (Bl) is assumed. We 
begin with some properties of the two functions in ([5]). Q2,k{u) = ku is simple, and the 
following simple facts about Qi^kiu) will be used later on. 
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Lemma 4. There exists a Ci = Ci(/co) ^ 1 such that, for all 1 < k < and < m < 1, 

QiA^) > u (11) 

and 

ku - ciu^ < Qi^u) < ku = Q2,k{u). (12) 

Next, we state a choice of ei, h and M in the Lyapunov function under which Proposition 
[His true. Throughout, we fix /cq, jtiq, eo? Md and a as in assumptions (Bl), (B2), (MTl) and 
(MT2). Next, we choose ci < ^^^^^i b > 1 close to 1, M > 100 big and an auxihary 
variable < small (used later to control the flatness change) such that the following 
restrictions hold. 

M > 4Mo and e'^^^/^ < (^ikoYe-""^^^/^ < (13) 
8(2A;o)5/2^f J_ 



-L -t- fcl 1/losb ^ S 

Cl 



1 + e 

_^__l_^l/l0g6 ^ ^ ^^^^^ _ ^jj ^. 



^0 



logmo . N , 6k . . 

2 logo 

/ , / , N N log K , 

>2(ei + eo + log(4A;o))--r^; (17) 



16 log 6 log 6 

a y 21og(4fco) 

leiogfe - M ■ ^ ^ 

The above conditions are compatible. In fact, thinking of k as /31og&, one can choose ei and 
/3 small enough so that f lT6|) holds due to the choice of eo in assumption (MTl), then one 
chooses a b close enough to 1 so that f|T^ . f|T5|l and (fTSl) hold due to the choice of mo as in 
assumption (B2), and flnally one chooses M large enough so that f|T3|) and f|T7|l hold. 
With the choice of the above ei, b, M and k, we can now prove Proposition [TJ 

Proof of PropositionUl Choose C = — log^. The conclusion sup^<„L(F^^) < C will 
follow from the claim below 

L{F;^)>C implies that L(Ff +^) > C for any m < n. (19) 

Suppose the conclusion is violated, then L{F^) > C for some m < n. Iterating the claim 
n — m times, one gets L{F^) > C. However, L{F^) = — oo because F^{x) = l{^<o}(a:). This 
contradiction proves proposition [T], assuming claim f lTI?]) . □ 

The claim f|T9|) follows from the following proposition because of ([6]). 
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Proposition 3. Suppose that two non-increasing cadlag functions M,f : R — t- [0, 1] satisfy 
fco feo 

y^^PkQk * QiA'^){x) < v{x) < ^PkQk * Q2,k{u){x), (20) 

fe=l k=l 

where p^ and satisfy the assumptions in Section [H as pn ^ o,nd g^^k, one? Qi^k o-nd Q2,k 
satisfy Lemma^ Then 

L{v) > C implies that L{u) > C. (21) 

In order to prove Proposition [3|, a few observations, notation and lemmas are needed. 
Starting from L{v) > C, one obtains, by definition ([7]) of the Laypunov function, that there 
exists an Xi G R such that 

1 1 

vixi) < - and l{v;xi) > raa,x{C, L(v) — - log mo}. (22) 

By definition ([8]) of l{v; x), one obtains that v is small and flat at xi in the following sense: 

l + 6:=44<l + ^i (23) 

and 

/o:=tKxi)<(6i-6)i/'°sV^<l, (24) 

where X2 := Xi — M. Using the bounds f l20|) and f l23|) . one gets that 
fcp fcp 

^Pkgk * Qi,k{u){x2) < (1 + e) ^Pkgk * Q2,k{u){xi), (25) 

fc=l k=l 

from which we will search for a flat piece in u{x) where u{x) is also small. 

To control the value of u{x), we derive here some preliminary estimates of u{x) at xi and 
X2, which will be used later to control the value of u{x) at other places. For i = 1,2, first 
applying the Chebyshev inequality and then applying fl20|) and the fact gk{0) > 1 — eo from 
assumption (MTl), one gets 

ko ko ^ ^ 

,k{u){xi - y)dgk{y) 



y'pfcQi,fc(^x)(a;i) < V'pfc-T^ / Qi 
k=i k=i 3k{0} 



< ^—v^x,). (26) 
i — eo 



This, together with the lower bound ( ]TT|) on Qi.fc, the definition (1241) of /o and the definition 
(l23l) of e, implies that 

u{x^) < (27) 
i — eo 

and 

uix2) < ^^/o. (28) 
i — eo 
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A finer estimate of u{x2) can be obtained and will be needed. First, using (126|) and the lower 
bound (IT^ on (5i,fc, one gets 



52 ^Pfe - Cm(x2) m(x2) < fo- 

\k=i J ^ - ^0 



By combining the first estimate fl28|) of u(x2), the bound on /q and the restriction ([15 
the coefficient multiplying u{x2) on the left side of the last inequality is at least 



ko ko 1 + e 

kpk - Ciu{x2) >y^kpk- ci- fo 



> 



1-eo 

kpk - ci ]^ ^i gV'og'' > 



k=l 
ko 



k=l 



Therefore, we conclude that 



u{x2) < ]~^' J o = M xi). (29) 

mo(l-eo) mo(l-eo) 

To control the flatness of u{x), we deflne some more auxiliary variables and then state 
some lemmas. The constants S = K(ei — e), e' = e + 6, e" = e + 26 and e^'^^ = e + 3S are deflned 
to monitor the flatness change. Note that e,e',e",e^^^ < ei because k, < -j^. We somewhat 
simplify the argument in [3]. Set 

1/0 = -log—, (30) 
a 6fo 

q = mi{y > M/2 : u{x2 - y) > (4A;o)'m(xi - y)} (31) 

and 

^ = ifM(x2 -g)~ > (4/i;o)M(xi - (g+ f )); 

1 ? - T' otherwise, ^ ' 

where u{x)~ := limy^a;_ f{y) is the left limit of / at x. Intuitively, q is used to denote the 
flrst nonflatness place to the left of xi. When r < yo, r is used to denote a nonflat interval, 
namely, it is easy to check that 

uix2 -y)> {Ako)u{xi - y) for all ?/ G (r, r + M/2]. (33) 

We can now state the following sequence of lemmas, whose proofs will be discussed in the 
next subsection. The convention of 

f\x)dg{x) = / f{x)dg{x) 

J{a,b] 

for a, 6 G R will be made throughout the rest of the paper. 
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Lemma 5. Assume that (l24l) and (125!) hold. Then, 



QiA^)i^2-y)dgkiy) < il + e')^Pk Q2,kiu){xi-y)dgk{y). (34) 
fc=i fc=i 

Lemma 6. // flMj) and ( p^ are satisfied, then there exist some 1 < k < ko and r' such that 

u{x2 - y)dgk{y) < (1 + e") / u{xi - y)dgk{y), (35) 



where r' = r when r' > M. 

Lemma 7. Suppose f p5|) holds. Then either 

(a) u{x2 — yi) < (1 + e''^-')u(xi — yi) for some yi < r' A M, or 

(h) u{x2 — yi) < (1 + e" — (5e"^i/'^)u(xi — yi) for some yi G (M, r]. 

Lemma [6] and Lemma [7] are analogs of [3], Lemma 3.5, Proposition 3.2], respectively. 
Equipped with lemma U\ we are ready to prove Proposition [31 

Proof of Proposition^^ assuming Lemma\2\ We will compare L{u) and L{v) based on fl29l) 
and Lemma [71 As Lemma [7] suggests, two different cases will be discussed separately. 

Case (a): Assume u{x2 — yi) < (1 + e^'^'>)u{xi — yi) for some yi < r' A M. Then, (1291) 
implies that 

u{xi - yi) < u{x2) < — - — ^—-v{xi). 

mo(l - eo) 

Therefore, it follows by the definition (JHl) of /(n; x) that 

vixi) €i — e^'^) 

l{u,xi-yi) -l{v,xi) > log— r + logfo 

u{xi - yi) ei-e 

mo(l - eo) , , „ X 

> log — — + log^ 1 - 3k 

1 + e 

> logmo - 2(ei + eo) - :j — r> — - — , 

logo 2 

where ( 1TB]) guarantees the last inequality. 

Case (h): Assume u{x2 — yi) < (1 + e" — (5e°^^/^)n(xi — yi) for some yi G (M, r]. Then, 
the definition ( 132|) of r and (129|) imply that 

«(xi - yi) < {Akofy^l''+\{x^ - M/2) < {Akofy^"'^^ M x,). 

mo(l - eo) 



Therefore, it follows that 

v{xi) , ei-e" + 5e''y^'^ 
u{xi - yi) 



l{u,xi-yi) -l{v,xi) = log— r + logfo' 



- ^°^(l + e)(4fco)^^^/''+^ ^ 

^ 1 , ^ 21og(4/i;o) z^; n , ^ogK + ayi/8 

> logmo -2(eo + ei) — yi - 2 log(4/co) + ^ — . 

M log 
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Rewrite the last term as -r^P—r + , "i^^ , . use -ui > M in one summand and deduce that 

8 log b 16 log b 16 log D ' ^ ^ — 

the above quantity is at least 

log mo - 2 eo + ei + log 4A;o + + TTrp^ + ?/i TTTT^ 1^ ^ o 

logo 16 logo 16 logo M 2 



where ( fT8l) and (fTTl) guarantee the last inequality. 

To wrap the argument up, both cases imply, by (IHl), ( l22l) and C = — log |, 

log^ — r > l{u,xi -yi) > C + ^logmo > -log^, 

u{xi -yi) 2 2 

which implies that u{xi — yi) < \. Therefore, by the definition (I7j) of L{u) and (l22l) again, 

1 1 
> - > + - log mo > L{v) + - log mo > L{v), 

from which (!2T]) follows. Thus, the proof of Proposition |3] is complete. □ 
4.1 Proof of lemmas 

With the assumption (MT2), the proof of 0, Proposition 3.2] carries over (with some change 
of notation) to the proof of Lemma [7] assuming Lemma O For completeness, we bring the 
proof in the appendix. The proof of Lemma [6] will be presented first, and then the proof of 
Lemma [51 

Proof of Lemma\^ When q > M/2, we have u{x2 — y) < (4A;o)^^^(a^i — y) for y G [M/2, q]. 
Thus, one obtains that, for any y < r < q, 

u{x2 -y)< u{x2 - r) < (4A;o)'^/*'+'n(x2). 

Since r < ?/o = ^ log one has, using ( 128|) . that the above is at most 



1 - eo 1 - Co 1 - eo 







Note that ^ log(4A;o) < \ from f[T^ . Applying the bound ([21]) on /o, the above quantity is 
at most 

2(4fco)' v^/o^' _ 8(2A:o)^/Vo'^% ^ 8(2A:o)^/2(ei - e) log ^>~3/2 



1-eo 51/2 (i_ep)^3/2-^< (i_eQ)/^3/2 ^• 

Therefore, it follows from ([T^ that 

m(x2 — y) < 5 for any y <r. (36) 

2ci 

This, combined with f [T2|) . implies that, for any 1 <k < and y < ri, 

Qi,fc(^i)(a;2 - y) > ^^i(a;2 - y) - ci {u{x2 - y)f 
= ku{x2 - y){l - ^^(3^2 - y)) > ku{x2 - y){l - -6). 
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Applying the above bound and the definition ([5]) of Q2,k{u) in the first inequahty, and ([3 
in the second, one has 



Eiili kPk u{x2 - y)dgk{y) 

kpk f-oo ^(^1 - y)dgk{y) 



^ 1 J2k=iPkZooQi,k{u){x2-y)dGk{y) 
" ^-¥j:iUPkr_^Q2,k{u)i^i-y)dGk{y) 

1 + e' 

If the conclusion of the lemma does not hold, i.e., for all 1 < A; < ko, 

pr 

u{x2 - y)dgk{y) > (1 + e") / u{xi - y)dgk{y), 



one obtains a contradiction to fl37|) . This completes the proof of Lemma |6] in case q > M/2. 
When q = M/2 and u{x2 — M/2) < 4kQu{x2), with fl25]l . one still has, for y < r < q, 

u{x2 -y)< u{x2 - r) < 4A;ou(a;2) < A. (38) 

(1 - eojd 

Using the bound (12^ on /o and ( !T4|) . the above is at most 

8fco(ei-e)i/i°g^-i 1 

; r < 0. 

(1 - eo)K 2ci 

Thus, fl36l) holds. Repeating the argument below fl36l) . one gets Lemma [6] in this case. 

When g = M/2 but m(x2 — M/2) > {Ako)u{x2) , we truncate ( !34l) before transforming this 
case to the previous case. Define 

r' = mf{y > : u{x2 — y) > 4:kou{x2)}- 

Then < r' < M/2 and m(x2— r') < 4:kou{x2). By monotonicity of m, m(x2— y) > 4:kou{xi—y) 
for y G (r',r]. Therefore, for 1 < A; < ko, 



QiA'^)i^2 - y)dgk{y) - (i + e') J Q2,k{'^)i^i - y)d9k{y) 

pr 

> I u{x2 - y)dgk{y) -2 kou{xi - y)dgk{y) 

Jr' 

{u{x2 -y)- 2kou{xi - y)) dgk{y) > 0, 



which, together with (l34ll . yields the truncated inequality 

ko 



^Pk / Qi,k{u)i^2 - y)dgk{y) < (1 + e') ^Pk / Q2,/c(^^)(xi - y)dgk{y). 
k=i k=i 



This is a analog of (|34l) with r replaced by r', and u{x2 — r') < 4kou{x2)- Replacing r by r' 
in the argument starting from (l38il . one concludes the proof of Lemma [6] in all cases. □ 
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Proof of Lemma\^ This lemma is to justify the flatness of the truncated integral. That 
is, we want to prove that mass from faraway does not affect the value of the integral in a 
signiflcant way. This is almost guaranteed by the exponential decay of gn,k{-)- However, we 
need to control the difference between Qi,k{u){x2 — y) and Q2,k{u){,xi — y), using the lower 
bound ffTTl) on Qi^k{u) and the deflnition ([5]) of Q2,k{u). Two different cases will be presented 
separately. 

Case (i): when r < y^, fl33p holds. Because of fl2^ and e < e', 0341] will follow from 



Qi,k{^)i^2 - y)dgk{y) - {I + e') Q2,k{^)i^i - y)d9k{y) > 0. (39) 

J r 

To prove fl39l) . because of ffTTl) . it suffices to show that 

poo poo 

/ u{x2 - y)dgkiy) - 2ko u{xi - y)dgk{y) > 0. ([33) 

J r J r 

We break the left side into 3 pieces. First, by fl33|l . 

u{x2 - y)dgk{y) - 2A;o / u{xi - y)dgk{y) 



l-r+M/2 \ 

f -m(x2 -y)- 2kou{x, - y)] dg^iy) > 0. (40) 



Second, because of assumption (MT2) (rapid decay of gk{-)) and ( fT3l) . one has 

u{x2 - y)dgk{y) - 2ko / u{xi - y)dgk{y) 



2 



r+M/2 



> ^u{x2-r)gk{r)-2kou{x2-r)gk{r + M/2) (41) 

> i\-2koe-''''/^)u{x2-r)-gkir)>0- 

Third, again because of assumption (MT2) (rapid decay of gk{-)) and (fT3|) , one has 

POO POO 

/ u{x2 - y)dgk{y) - 2ko / u{xi - y)dgk{y) 

Jr+M/2 Jr+M 



> / u{x2 -{y- M/2))dgk{y) - 2k^ / u{x2 - y)dgk{y + M) 

Jr 

/oo poo 
u{x2-y)dgk{y + M/2)-2hj u{x2 - y)dgk{y + M) (42) 

poo 

> (1 - 2A;oe-'^^^/2) / u{x2 - y)dgk{y + M/2) > 

J r 

Summing (HOD, (gl]) and (gS]), one gets Thus, ([39]) is verified in case (i), and ([34D holds. 
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Case (a): when r = y^, ( 133|) may not be true. However, the difference between the two 
sides of dMD is 

QiA^)i^2-y)dgkiy) - {l + e')^pk Q2,k{u){xi - y)dgk{y) 
k=i -^-^ k=o 

ko ko „r 

< ^Pkgk*QiA^){^2) ~ il + e')^Pk Q2,k{u){.xi-y)dgk{y). 
k=i k=i 



Recall that e' = e + 6. fl25l) implies that the above quantity is less than or equal to 

ko ko 



^0 ^0 pr 

^1 + e) ^Pk9k * Q2,k{'^)i^i) - (f + e') ^Pk / Q2,ki'^)ixi - y)dgk{y) 
k=i k=i -^-"^ 

^0 poo ^0 

+ / Q2,k{^){xi - y)dgk{y) - 6^pkgk* Q2Au)i^i)- 



k=l k=l 



Since r = yo = ^logg, the assumption (MT2) implies gkir) < e'^y^ = Q2,k{'^) < ^o, 
fl20|) and f l2^ yield that the above quantity again does not exceed 

(l + e')A:o^-5/o<0. 

So (IMj) is proved in case (ii). This completes the proof of the lemma. □ 



5 Tightness for identical marginals 

In this section, we discuss the tightness problem in the case when all the marginal distri- 
butions at the same level are the same, i.e., gn.k{') — 9n{') does not depend on the number 
of offsprings. Compared with the assumptions made in Section [21 we relax the bounded 
support assumption (Bl) on Pn.fcS, at the price of a uniform marginal assumption on G„ ^ 
(see (MTO') below). Namely, we assume 

(Bl') There exist positive real numbers mo and nii such that infn{^^i kpn,k} > > 1 
and sup„ XlfcLi k'^Pn,k < rrii. 
(MTO') gn,k{-) = 9n{-) for all k > 1. 

(MTl') For some fixed eo < | log'^o /\ 1? there exists an xq such that gnixo) > 1 — cq for all n, 
where gn{x) = 1 — (7„,(x). By shifting, we will assume that Xq = 0, that is, gn{0) > 1 — eo- 

(MT2') There exist a > and Mq > such that gn{x + M) < e'^'^'^gnix) for all n and M > Mq, 
X > 0. 

(GT') For any rji > 0, there exists a > such that GnA^^ ■ ■ ■ ^B) > 1 — ?7i and gn{—B) > 
1 — ?7i for all n and k. 

Then we still have the following tightness result. 
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Theorem 2. Under assumptions (BV), (MTO'), (MTV), (MT2') and (GT'), the family of 
the recentered maxima distribution {F„ (■ — Med{Fn))} is tight. 

Since the proof is similar to the proof of Theorem [H we only bring a sketch. The argument 
is based on the following recursion inequality, another form of ([6]) under the assumption 
(MTO'), 

gm * (^^Pm,kQlAFn^'?j (^) < ^n'^l^) < 9 m * (^f^ P^.fcQs.fclFr ^ (x), (43) 

where Qi^k and Q2,k are defined as ([5]). Set 

oo 

Qm,(l)(M) = ^Pm,fcQl,fe(M), (44) 
k=l 

and 

oo 

Qm,(2)(M) = ^Pm,fc<52,fe(M)- (45) 

k=l 

Although the difference between Qi./t and Q2,k gets bigger as k becomes bigger, the weighted 
function Qm.{i) and Qm.{2) still behave nicely and possess an analog of Lemma |H 

Lemma 8. Let Qm.{i) ^'^^ Qm.{2) defined as in (l44l) and (145!) respectively, then it follows 
from assumption (B') that 

Qm,ii){u) > u, (46) 

and 

Qm,{2){u) - C2M^ < Qm,{l){u) < Qm,{2){u) < y/m^U. (47) 

Lemma [5] relies on the facts that Qi^k{u) > u and Q2,k{u) < kou, and Lemma [6] relies on 
the fact that Qi^k{u) > Q2,k{u) — Civ^. Therefore, with a modification of q and r, we can 
prove analogs of those two lemmas due to the bounds in Lemma [HI An analog of Proposition 
[3]then follows. Proposition [1] and Corollary [1] hold under the new assumptions in this section. 

Assumption (GT') plays a role as (GT) in connecting the left and right tail behavior. 
Specifically, it guarantees Lemma Ej Lemma |3] and Proposition |2] under the new settings. 
Theorem |2] follows immediately as Theorem [H 

Appendix 

Proof of Lemma 1 assuming Lemma 6. This will be proved by contradiction. Assume that 
neither (a) nor (b) in lemma 7 holds, i.e., 

u{x2 -y)> {1 + e^'^^)u{xi - y) for all y <r' AM, (a) 

and 



u 



>2 - y) > (1 + e" - 5e"'y^^)u{xi - y) for all y G (M, r']. (b) 
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If r' < M, then only (a) holds and it implies that 

/r' pr' 
u{x2 - y)dgkiy) > {1 + e^^'^) / u{xi - y)dgk{y). 
-oo J —oo 



Since e^^^ = e" + 5 > e", this is a contradiction to (IMl) . So we are done. If r' > M, then 
r' = r and (a) and (6) imply that 



M rM 



u{x2 - y)dgk{y) > {I + e^^^) / u{xi ~ y)dgk{y), 



and 



' - > / (1 + e" - 5e"^/«)n(xi - y)dgk{y). 



'M J M 

Summing the above two inequality, one gets that 



u{x2 - y)dgk{y) > (1 + e") / u{xi - y)dgk{y) 



oo 



+6 

We claim that 



M 



u{xi - y)dgk{y) - / e*^/^u(xi - y)dgk{y) 



M 



u{xi - y)dgk{y) - / e<^^/^(xi - y)dgk{y) > 0, (48) 

-oo J M 

which will imply a contradiction of ( l34l) and complete the proof. It thus remains to prove 
the claim (HHj) . Since q > r > M/2, one has u{x2 — y)< {AkoYui^xi — y) for all y G [M/2, r]. 
By ( fT3l) . one can bound the second integral in the left side of the above inequality as follows. 

/ e'^^/«n(xi - y)dgk{y) = V / e'^^/«n(xi - y)l^y<r)dgk{y) 

J M JIM 

oo AM+M 

1=1 Ji^i 

oo 

< e^'^'/'^''''/\'ikof+'u{xi - M/2)UIM) 
1=1 

oo ^ 

< e'^'^/8+'^^/8(4A;o)''+'M(xi - M/2)e-''^^+^^/^gk{M/2) < -u{xi - M/2)gk{M/2). 



1=1 



But the last term does not exceed 



M I'M 

u{xi - y)dgk{y) < / u{xi - y)dgk{y). 

M/2 J -oo 

So the proof of (148!) is complete. We are done with proving Lemma ([7]). □ 
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